We provide two parameterized graphs Γ k , Π k with the following property: for every positive integer k, there is a constant c k such that every graph G with treewidth at least c k , contains one of K k , Γ k , Π k as a contraction, where K k is a complete graph on k vertices. These three parameterized graphs can be seen as "obstruction patterns" for the treewidth with respect to the contraction partial ordering. We also present some refinements of this result along with their algorithmic consequences.
Introduction
We say that a graph H is a contraction of a graph G if H can be obtained after applying to G a (possibly empty) sequence of edge contractions. We also say that H is a minor of G if H is the contraction of some subgraph of G. The minor relation is a partial order relation on graphs that has been studied extensively in the Graph Minors series of papers of Robertson and Seymour. One of the most celebrated results of this project is the following (see Section 2 for the formal definition of treewidth). [18] -see also [9, 21] 
Proposition 1. (See

.) For any positive integer k, there is a c k > 0 such that every graph of treewidth at least c k contains a (k × k)-grid as a minor.
✩ A preliminary version of this paper appeared in Fomin, Golovach and Thilikos (2009) [11] with the title: "Contraction Bidimensionality: The accurate picture".
E-mail addresses: fedor.fomin@ii.uib.no (F.V. Fomin), petr.golovach@durham.ac.uk (P. Golovach), sedthilk@math.uoa.gr (D.M. Thilikos). 1 Supported by the Norwegian Research Council. 2 Supported by EPSRC under project EP/G043434/1. Proposition 1 suggests that grids, parameterized by their height h, can be seen as "obstruction patterns" for small treewidth with respect to the minor relation. In this paper we prove an analogue of this result for the contraction relation. In particular, we identify three parameterized graph classes that serve as obstruction patterns for small treewidth with respect to the contraction relation.
Let Γ k (k 2) be the graph obtained from the (k × k)-grid by triangulating internal faces of the (k × k)-grid such that all internal vertices become of degree 6, all non-corner external vertices are of degree 4, and then one corner of degree two is joined by edges with all vertices of the external face (the corners are the vertices that in the underlying grid have degree two). Graph Γ 6 is shown in Fig. 1 . Let Π k be the graph obtained from Γ k by adding a new universal vertex adjacent to all vertices of Γ k . We also denote by K k the complete graph on k vertices and use the notation O k = {Γ k , Π k , K k }.
A consequence of our results is the following. Notice that for any k, r 6,
• K 6 -minor-free graphs Γ r and Π r cannot be contracted to K k ;
• K 5 -minor-free graph Γ r cannot be contracted to Π k which contains K 5 as a minor;
• any contraction of Π r contains a universal vertex adjacent to all other vertices, and hence Π r cannot be contracted to Γ k ; • any contraction of K r is a complete graphs, and hence K r cannot be contracted to Γ k or Π k .
Since the treewidth of the graphs Γ r , Π r , K r is at least r, this indicates that O k is optimal with respect to its size. Proposition 1 has several refinements. For instance, in [21] , it was proved that there is a linear dependence between the treewidth of a planar graph and the maximum height of a grid minor of it (i.e. c k = O (k)). This result has been extended as follows. [6] An apex graph is a graph such that the removal of one vertex creates a planar graph. It appears that the linear dependence (on k) in Proposition 2 is possible also for contractions when we consider graphs excluding some apex graph as a minor. The paper is organized as follows. In Section 2 we give the basic definitions and some preliminary results. We dedicate Section 3 to the proof of Lemma 11 which, in turn, is used in Section 4 in order to prove Theorems 1, 2, and 3. Theorem 3 has some meta-algorithmic consequence in the framework of bidimensionality theory that will be presented in Section 5.
Proposition 2. (See
Basic definitions
We consider finite undirected graphs without loops or multiple edges. The vertex set of a graph G is denoted by V (G) and its edge set by E(G).
Let G be a graph. For a vertex set
is the graph obtained from G by the removal of all the vertices of U (resp. the edges of E).
Surfaces.
A surface Σ is a compact 2-manifold without boundary (we always consider connected surfaces). Whenever we refer to a Σ -embedded graph G we consider a 2-cell embedding of G in Σ . To simplify notations, we do not distinguish between a vertex of G and the point of Σ used in the drawing to represent the vertex or between an edge and the line representing it. We also consider a graph G embedded in Σ as the union of the points corresponding to its vertices and edges. That way, a subgraph H of G can be seen as a graph H , where H ⊆ G. Recall that ⊆ Σ is an open (resp. closed) disc if it is homeomorphic to {(x, y): 
Contractions and minors.
Given an edge e = {x, y} of a graph G, the graph G/e is obtained from G by contracting the edge e, i.e. the endpoints x and y are replaced by a new vertex v xy which is adjacent to the old neighbors of x and y (except x and y). A graph H obtained by a sequence of edge-contractions is called a contraction of G. In this work we use contraction with certain topological properties, and for this purpose, it is convenient to give an alternative definition of contraction.
Let G and H be graphs and let φ : V (G) → V (H) be a surjective mapping such that
We 
A graph H is a minor of a graph G if H is the contraction of some subgraph of G and we denote it by H m G. We say that H is a surface minor of a graph G embedded in some surface Σ if H is the surface contraction of some subgraph of G. Observe that H is a graph embedded in Σ .
We say that a graph G is H-minor-free when it does not contain H as a minor. We also say that a graph class G is H-minor-free (or, excludes H as a minor) when all its members are H -minor-free.
An apex graph is a graph obtained from a planar graph G by adding a vertex and making it adjacent to some of the vertices of G. A graph class G is apex-minor-free if G excludes some fixed apex graph H as a minor. A partial triangulation of a (k × r)-grid is a planar graph obtained from a (k × r)-grid (we call it the underlying grid) by adding edges, i.e. if a grid is embedded in a plane then for some faces, we join non-adjacent vertices on the boundary of the face by non-crossing edges inside this face. Let us note that there are many non-isomorphic partial triangulations of an underlying grid. For each partial triangulation of a (k × r)-grid we use the terms corner, internal and external referring to the corners, the internal and the external vertices of the underlying grid.
Let us remind that we define Γ k (see Fig. 1 
Suppose that G is a connected graph which contains as an induced subgraph a partially triangu- 
Walls. A wall of height
. . , k}, by the removal of the all "vertical" edges {(x, y), (x, y + 1)} for odd x + y, and then the removal of the all vertices of degree 1 (see Fig. 2 ). We denote such a wall by W k . A subdivided wall of height k is the graph obtained from W k after some edges of W k have being replaced by paths without common internal vertices.
Treewidth and pathwidth.
A tree decomposition of a graph G is a pair (X , T ) where T is a tree and
(1)
The width of a tree decomposition (
The treewidth of a graph G is the minimum width over all tree decompositions of G. If, in the above definitions, we restrict the tree T to be a path then we define the notions of path decomposition and pathwidth. We write tw(G) and pw(G), respectively, for the treewidth and the pathwidth of a graph G.
Graph minor theorem. The proof of our results is using the Excluded Minor Theorem from the Graph Minor theory. Before we state it, we need some definitions.
Definition 1 (Clique-sums).
Let G 1 and G 2 be two disjoint graphs, and k 0 an integer. Note that some edges of G 1 and G 2 are not edges of G, since it is possible that they had edges which were removed by clique-sum operation. Such edges are called virtual edges of G. We remark that ⊕ is not well defined; different choices of G i and the bijection F could give different clique-sums.
A sequence of h-clique-sums, not necessarily unique, which result in a graph G, is called a clique-sum decomposition of G.
Definition 2 (h-nearly embeddable graphs).
Let Σ be a surface and h > 0 be an integer. A graph G is h-nearly embeddable in Σ if there is a set of vertices X ⊆ V (G) ( The following proposition is known as the Excluded Minor Theorem [20] and is the cornerstone of Robertson and Seymour's Graph Minors theory. We need a stronger version of this theorem, which follows from its proof in [20] (see e.g., [7] ). [20] Lemmata on treewidth. We need the following two well-known results about treewidth.
Proposition 3. (See
Lemma 1. If G 1 and G 2 are graphs, then tw(G 1 ⊕ G 2 ) max{tw(G 1 ), tw(G 2 )}.
Lemma 2. If G is a graph and X
The following lemma is implicit in the proofs from [6, 3] . Here we give it as it is stated in [4] . [4, Lemma 4.3] .) Let G = G 0 ∪ G 1 ∪ · · · ∪ G h be an h-nearly embeddable graph without apices (i.e. where X = ∅). Then tw(G)
Lemma 3. (See
3 2 (h + 1) 2 (tw(G 0 ) + 2h + 1).
Lemmata on grids and their triangulations
In this section we give a series of auxiliary lemmata used to prove Lemma 11, the most important technical tool in the proofs of Theorems 3 and 2.
The following proposition is a direct consequence of [ Fig. 2.) Notice that the 
In H , we contract the edges in E(H ) ∩ {E(x, y) | (x, y) ∈ Z 2 }. The resulting graph is isomorphic to Γ k (see Fig. 3 ). 2
The proof of the following lemma is based on Lemmata 4 and 5 and Proposition 5. 
Lemma 6. Let G be a graph embedded in a surface of Euler genus γ and let k be a positive integer. If the treewidth of G is more than
Proof.
We choose c such that c · γ Observe that after applying all the above contractions, for each vertex u ∈ V (Γ ), vertices of φ −1 (u) are contracted into a single vertex. To prove it for u ∈ V (Γ ), let us consider two adjacent (in G ) vertices x, y ∈ φ −1 (u). If {x, y} / ∈ E(Ĝ ), then there is a clique K i such that x, y ∈ K i and edges {x, z
It should be noted that the subgraph ofĜ induced by the set of vertices
To prove this claim we consider two vertices u, w ∈ V (Γ ) which are adjacent in the underlying grid of Γ . Suppose that sets φ −1 (u) and φ −1 (w) are not joined by edges inĜ . Then there is a clique Proof. Let Γ k be a contraction ofĜ . We apply the same contraction for the graphĜ. Note that if
new is contracted to some vertex of Γ k and ifĜ contains an edge {z (i) new , x}, where x ∈ X , then the resulting edge joins x with some vertex of Γ k . For every K i such that
new is adjacent only to vertices of X and we contract all edges incident z 
. We denote by X the set of additional vertices. Recall that Γ * k is the graph obtained from Γ k by removing all edges incident to its loaded corner that do not exist in its underlying grid.
We may assume that X is an independent set, otherwise we just contract all edges in each of the connected components of G [ X] . We prove the lemma by making use of induction on r. For r = 1 the graph G is an apex graph itself and in this case lemma is trivial. Now we assume that it is correct for k,r) ). Let x 1 and x 2 be two vertices of X and let u 1 , u 2 be neighbors of x 1 and x 2 in Γ f (r,k) . We choose i ∈ {1, 2, 3, 4} such that Γ f (r−1,k) . Now we use the induction assumption for |X | r − 1, and obtain that H contains Γ k as a contraction. 2
The following lemma is the most crucial technical result used in the proofs of Theorems 3 and 2. 
tw(G) tw(F ).
Assume that F is h-nearly-embedded in Σ and denote by X the set of apices of F . Recall that |X| h. can be easily seen thatF is the graph cl(F , C, E). We set C = {K 1 \ X, . . . , K t \ X}, E be the edges of E without endpoints in X and letF = cl(F , C , E ). Since F can be contracted to Γ r , it follows immediately from Lemma 8 thatF contains Γ s as a contraction for s = (r
Then by Lemma 9,F (and consequently the graph G) can be contracted to a graph R containing a
It remains to use Lemma 10 and note that R can be contracted to an apex graph which consists of Γ k and at most one apex vertex which is adjacent to some vertices of Γ k . The graph R is a contraction of G, so G contains as a contraction a graph which after the removal of at most one of its vertices results to Γ k . 2
Proofs of theorems
Proof of Theorem 3. Let H be an apex graph. It was shown by Robertson et al. [21] 
Contraction bidimensionality revised
The theory of bidimensionality is a meta algorithmic framework for designing subexponential fixed-parameter algorithms, kernelization and approximation algorithms for a broad range of graph problems [2, 8, 5, 6, 3, 14] . In this section we present a simplification effect of Theorem 3 to this theory. In particular, the theorem simplifies the applications of bidimensionality theory to contraction closed parameters on planar graphs [2] , graphs of bounded genus [8] , and apex-minor-free graphs [2] .
A graph parameter p is a function mapping graphs to nonnegative integers. We say that p is minor (contraction)-closed if for every two graphs H and G where H is a minor (a contraction) of G, it holds that p(H) p(G).
The decision problem associated with p asks, for a given graph G and nonnegative integer k, whether p(G) k. Intuitively, a parameter is bidimensional if its value depends on the "area" of a grid and not on its width or height.
For minor-closed parameters, the definition of bidimensionality is simple to define. According to [3] , a parameter p is minor bidimensional if (a) p is closed under taking of minors, and
Examples of minor bidimensional parameters are sizes of a vertex cover, a feedback vertex set, or a minimum maximal matching in a graph. For contraction-closed parameters, the definition of bidimensionality is much more complicated and depends on the class of graphs it is used for. A parameter p is contraction bidimensional if the following hold:
(a) p is closed under taking of contractions, and (b) for a "(k × k)-grid-like graph" Γ , p(Γ ) = Ω(k 2 ).
According to the current state of the art, the property of being a "(k × k)-grid-like graph" is different for different graph classes and is defined as follows. Typical examples of contraction bidimensional parameters are sizes of a dominating, cliquetransversal, or edge domination sets. Unfortunately, there is a drawback in the above contraction-bidimensionality framework which was inherited by the "excluding-grid" theorem for contractions. The problem is that the number of augmented grids is huge. Even the number of planar augmented grids, i.e. graphs obtained by triangulating some faces of a (k × k)-grid, is at least 2 (k−1) 2 . As a result, to verify if a parameter is apex-contraction bidimensional, one has to estimate its value on a graph family of exponential size.
The main contribution of Theorem 3 to contraction bidimensionality is that the notions of "gridlike" graphs (b1), (b2), and (b3) can be replaced by the following simpler one
This unification is justified by the following theorem, which can be seen as a (meta) algorithmic consequence of this paper. We stress that Theorem 4 is not the only algorithmic application of our results. Theorem 3 has already being used in parameterized algorithm design [1, 14] , approximation algorithms [12, 13] , and the study of other partial orderings on graphs [23] .
